Counterion adsorption on a flexible polyelectrolyte chain in a spherical cavity is considered by taking a "permuted" charge distribution on the chain so that the "adsorbed" counterions are allowed to move along the backbone. We compute the degree of ionization by using self-consistent field theory (SCFT) and compare with the previously developed variational theory. Analysis of various contributions to the free energy in both theories reveals that the equilibrium degree of ionization is attained mainly as an interplay of the adsorption energy of counterions on the backbone, the translational entropy of the small ions, and their correlated density fluctuations.
estimate used in the variational theory is an overestimation of electrostatic energy as compared to the Poisson-Boltzmann estimate. Nevertheless, since the significant effects from density fluctuations of small ions are not captured by the SCFT, and due to the close agreement between SCFT and the other contributing factors in the more transparent variational procedure, the latter is a better computational tool for obtaining the degree of ionization.
I. INTRODUCTION
Counterion adsorption in polyelectrolyte solutions is one of the fundamental problems in polyelectrolyte physics, which has been a topic of extensive research 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28 for decades. Historically 1,2,3,4 , the counterion adsorption in polyelectrolyte solutions was described as an analog of ionpairing in simple electrolyte solutions, and deviations from the Debye-Hückel limiting laws in colligative properties of polyelectrolyte solutions in dilute concentration regime had been attributed to counterion adsorption. Ignoring interactions among different chains in dilute solutions, modeling a polyelectrolyte chain by an infinite rod and using bulk dielectric constant of the medium for describing electrostatic interactions, counterion adsoprtion (or "Manning condensation") was predicted to be a result of a singularity in the partition function arising due to a singular electrostatic potential near the rod. In particular, it was predicted that for monovalent monomers and counterions if l B /b > 1, where l B is Bjerrum length (= e 2 /4πǫ 0 ǫk B T , e being the electronic charge, ǫ 0 being the dielectric constant of the vacuum, ǫ being the dielectric constant of the medium and k B T being the Boltzmann constant times temperature) and b is the charge spacing on the backbone of the chain, then some of the counterions from the solution adsorb on the chain until l B /b = 1. On the other hand, if l B /b < 1, the Debye-Hückel approximation (i.e., the linearization of Poisson-Boltzmann)
can be used to describe the electrostatics, and there is no adsorption. In other words, counterion adsorption was described as a kind of phase transition (such as the condensation of vapors ) driven by electrostatic energy only.
Over the years, simulations 5, 6, 7, 8, 9, 10, 11, 12 and experiments 13, 14, 15, 16, 17, 18, 19 have provided an insight into the counterion adsorption mechanism in polyelectrolyte solutions. Most importantly, it was revealed that a polyelectrolyte chain never attains a perfect rod conformation, even in salt-free solutions where the rod conformation is usually expected. Also, it has been shown that the effect of ion-pairing 6,17 on the backbone and dielectric constant 18 has to be considered in order to treat a realistic polyelectrolyte chain. Furthermore, simulations 7, 8 reveal that the counterions retain their translational degrees of freedom along the backbone of the chain after being adsorbed.
These insights obtained from the simulations and experiments have led to a number of theoretical descriptions 20, 21, 22, 23, 24, 25, 26, 27, 28 of the counterion adsorption in polyelectrolyte solutions (containing monovalent or multivalent salts) over the last two decades. For an isolated, single polyelectrolyte chain, it was shown that there is no singularity in the partition function when the polyelectrolyte chain is modeled as a flexible one 26 . An important prediction of the theory 26 emphasized the role played by the dielectric mismatch between the local environment of the backbone and the bulk solution in driving counterion adsorption, and that had not been highlighted earlier in the literature. In particular, it was shown that counterion adsorption arises as an interplay of adsorption energy and translational entropy of ions. Entropically, higher degree of ionization, an effect which is opposed by the lowering of electrostatic energy by the formation of ion pairs at the backbone of the chain, is preferred. To carry out the calculations analytically, the Debye-Hückel potential was used to describe the electrostatic interactions between charged species, and a novel variational method was used to express the chain conformational entropy and excluded volume effects.
Finally, the complete free energy of the system (consisting of the chain, the counterions, and the solvent) was simultaneously minimized in terms of the degree of counterion adsorption and the size of the polyelectrolyte chain to self-consistently obtain the equilibrium values of the respective variables. The theory is in qualitative agreement with the known simulation results. Recently, this single chain theory has been extended to describe the competitive counterion adsorption 28 phenomenon in the presence of multivalent and monovalent counterions. Despite the qualitative agreements to simulations and experiments (especially, regarding the phenomena of charge reversal and reentrant transition), the approximations used in the theory have not rigorously been assessed so far.
In this work, we consider the counterion adsorption on a flexible polyelectrolyte chain in a spherical cavity in the presence of monovalent salt. Physically, such a situation is realized in extremely dilute polyelectrolyte solutions, where inter-chain interactions can be ignored safely and a finite volume can be carved out for each chain, and in pores confining polyelectrolyte chains, depending on the ratio of the cavity size to the radius of gyration of the polymer. We use the self-consistent field theory (SCFT) to compute the equilibrium degree of counterion adsorption. SCFT computes the free energy of the system by summing over all possible conformations of the chain, and hence, provides a more accurate description of the system (in fact, it provides the exact free energy at the mean-field level) compared to the variational formalism. Also, as the electrostatics in SCFT is treated at full, non-linear 
II. COMPARISON OF THEORIES : SCFT AND VARIATIONAL FORMALISM
We consider a single flexible polyelectrolyte chain of total N Kuhn segments, each with length l, confined in a spherical cavity of volume Ω = 4πR 3 /3. The polyelectrolyte chain is represented as a continuous curve of length Nl, and an arc length variable t is used to represent any segment along the backbone so that t ∈ [0, Nl]. Now, we assume that the chain (negatively charged) is surrounded by n c monovalent counterions (positively charged)
released by the chain along with n γ ions of species γ (= +, −) coming from added salt so that the whole system is globally electroneutral. Let Z j be the valency (with sign) of the charged species of type j, and n s be the number of solvent molecules (satisfying the incompressibility constraint after assuming the small ions to be pointlike) present in the cavity. For simplicity,
we have taken the volume of a solvent molecule (v s ) to be equal to the volume of the monomer (i.e., v s ≡ l 3 ). Subscripts p, s, c, + and − are used to represent monomer, solvent , counterion from polyelectrolyte, positive and negative salt ions, respectively.
In order to study counterion adsorption, we use the so-called "two-state" model for the counterions so that there are two populations of counterions in the system. One population of the counterions is free to enjoy the available volume (called the "free" counterions) and the other population is "adsorbed" on the backbone. However, the adsorbed counterions are allowed to enjoy translational degrees of freedom along the backbone, maintaining a total charge of ef NZ p on the chain, where e is the electronic charge and f is the degree of ionization of the chain (i.e., there are −(1−f )NZ p /Z c "adsorbed" counterions on the chain).
In the literature, this kind of charge distribution has been referred to as a "permuted" charge distribution 29 .
For a particular set of parameters, we compute the free energy of the system comprising of the single chain, its counterions, the salt ions, and the solvent as a function of the degree of ionization (f ). As mentioned before, we compute the free energy using two different computational frameworks: SCFT 30,31 and the variational 26, 32, 33 formalism. In both the formalisms, we ignore the electrostatic interactions between solvent molecules and the small ions, and model the dielectric constant (ǫ) of the medium to be independent of temperature (T ) to extract energy and entropy of the system. Also, for comparison purposes, we divide the free energy into a mean field part and an additional part, which goes beyond the mean field theory. Mean field part is further divided into the contributions coming from the "adsorbed" counterions (F To start with, we note that the contributions coming from "adsorbed" counterions are the same in both formalisms, and are given by
so that E a is the electrostatic binding energy of the ion-pairs formed on the polymer backbone due to the adsorption of ions and S a is the translational entropy of the "adsorbed" 
where ρ e (r) = j=c,+,− Z j ρ j (r) + Z p f ρ p (r) is the local charge density and ρ β (r) is the collective number density of species of type β = p, c, +, −. Collective number densities for small ions are given by the Boltzmann distribution with the prefactor determined by the constraint that the number of small ions are fixed in the system. Explicitly,
for j = c, +, −. In Eq. ( 4), ρ p (r) is the monomer density, which is related to the probability of finding a particular monomer (described by the contour variable t) at a particular location r, when the starting end of the chain can be anywhere in space (say, q(r, t)), by the relation
Furthermore, it can be shown that q(r, t) satisfies the modified diffusion equation 30, 34 ∂q(r, t)
w p being the field experienced by monomers due to non-electrostatic interactions. At the saddle point, it is given by
where χ ps is the dimensionless Flory's chi parameter and η(r) is the Lagrange's multiplier to enforce the incompressibility constraint
at all points in the system. Here, ρ 0 is the total number density i.e., ρ 0 = (N +n s )/Ω = 1/l 3 .
Finally, ρ s (r) is the collective number density of solvent molecules given by the Boltzmann distribution in terms of the field experienced by a solvent molecule (w s ). Within the saddlepoint approximation, ρ s and w s are related by
w s (r) = χ ps lsingle Gaussian chain of contour length Nl in the volume Ω is chosen as the reference frame, whose free energy is taken to be zero. This reference free energy of confinement for a single Gaussian chain has been subtracted from the polymer conformational entropy in Table I .
The free energy of confining a single Gaussian chain with N Kuhn segments of length l each in a spherical cavity of radius R can be computed exactly and is given by 
B. Variational Formalism
In variational calculations 26 , a single polyelectrolyte chain, whose monomers interact with the excluded volume and the electrostatic interactions in the presence of the small ions is approximated by an effective Gaussian chain, whose conformational statistics are dependent on the different kinds of interactions in the system. To compute the equilibrium free energy, its variational ansatz is minimized with respect to the variational parameter l 1 , which is related to the radius of gyration (R g ) of the chain by R 2 g = Nll 1 /6. Physically, this corresponds to the minimization of the free energy of the single chain system with respect to the size of the chain. For the computations of the equilibrium degree of ionization, an additional minimization of the free energy with respect to the degree of ionization has to be carried out. However, due to the intricate coupling between the size of the chain and the degree of ionization, the minimizations have to be carried out self-consistently.
The variational ansatz of the total free energy (F variational ) is given by F variational = Table I . The function Θ 0 (a)
in Table I is a cross-over function given by
where a ≡ κ 2 Nll 1 /6, and κl is the dimensionless inverse Debye length. Furthermore,
The number of salt ions (n + , n − ) are related to the salt concentration (c s ) by the relation Z + n + = −Z − n − = 0.6023c s Ω, where c s is in units of moles per liter (molarity).
Also, all the terms in the free energies are in units of k B T .
In this work, we have ignored one-loop corrections to the free energy within SCFT.
However, one-loop corrections to the free energy coming from the density fluctuations of the small ions, within the variational formalism, is given by
where κ 2 = 4πl B (f N + n + + n − )/Ω and κ is the inverse Debye length.
C. Numerical Techniques
We solve SCFT Eqs.
[ ( 4) - ( 11)] within spherical symmetry (i.e. r → r = |r|), using the Dirichlet boundary conditions for q(r, t) and all the fields except η(r). Also, due to the use of spherical symmetry in these calculations, we use
Starting from an initial guess for fields, new fields and densities are computed after solving the modified diffusion and Poisson-Boltzmann equation by finite difference methods 36 . Broyden's method 36 has been used to solve the set of non-linear equations. The equilibrium value of the degree of ionization (f ⋆ ) is obtained after minimizing the free energy with respect to f . We carry out the numerical minimization of free energy over f using Brent's method 36 .
confining volume (i.e, R g ≤ R) to mimic the confinement effects. Also, the Kuhn step length l is taken to be unity in both variational as well as SCFT calculations. Remarkably, in different conditions corresponding to widely varying degrees of confinement, the f ⋆ obtained by the minimization of SCFT free energies is indistinguishable from that obtained using variational free energies without one-loop corrections (i.e., F variational − ∆F ). We demonstrate this in Fig. 2 where we have plotted f ⋆ as a function of l B /l for different spherical volumes (i.e., different R). Thus we arrive at two conclusions:
(a) density fluctuations of small ions included in the full variational formalism contribute significantly in determining the equilibrium degree of ionization and lead to better values of f ⋆ than SCFT, and (b) the value of f ⋆ is remarkably indistinguishable between the SCFT and the variational formalism with deliberate suppression of small ion density fluctuations.
The first conclusion can be readily rationalized as follows by considering the two curves in Fig. 1 .
The increase in f ⋆ with the inclusion of ∆F can be understood by the fact that the density fluctuations of the small ions lower the free energy, and its contribution to the total free energy increases with the increase in the number of "free" ions (goes like −n 3/2 in saltfree case, where n is the number of "free" ions -cf. Eq. ( 15) The above second conclusion requires further scrutiny. The remarkable agreement between the two formalisms is surprising, since these theories use different approximations and different computational procedures. In the variational formalism of Ref. 26 , that is used in the present paper, the chain swelling due to electrostatic interaction is assumed to be spherically uniform at all length scales and at the level of Debye-Hückel potential between the segments. However, this scheme is more tractable analytically with different contributing factors (Table I) having explicit physical interpretation. On the other hand, in SCFT, the electrostatic interaction is at the nonlinear Poisson-Boltzmann level, and the chain expansion is addressed at all local length scales through fields generated by intersegment potentials.
Although the chain conformations are not readily accessible in the standard version of SCFT used here, the free energy of the system can be calculated and its resolution into entropic and enthalpic parts is possible. In view of such apparently divergent approaches in SCFT and the variational formalisms, we now proceed to make quantitative comparisons between the two in terms of the various contributing factors. To start with, in Fig. 3 , we have plotted the total free energy calculated in both methods for the following set of parameters: To analyze this striking agreement between the two methods we focus on the individual components of the free energy as tabulated in Table I . In Figs. 4 and 5 we have compared these different constituents of the free energy obtained from both SCFT and the variational formalisms for low monomer densities. It is evident that both theories predict that the major contributions to the free energy are from the ion-pair energy (Fig. 4a) , the "adsorbed" counterion translational entropy (Fig. 4b) , the polymer-solvent interaction energy and the solvent entropy (Fig. 4c) ; and the "free" ions translational entropy (Fig.   4d ). Contributions due to the chain conformational entropy (Fig. 5a ) and the electrostatic energy ( Fig. 5b ) are almost negligible (less than 0.1% in the total free energy) as compared to others. For low monomer densities (monomer volume fractions lower than 0.1), the dominant contributions to the total free energies come from the polymer-solvent interaction energy and the solvent entropy. For the particular single chain dilute system investigated here, these contributions account for more than 50% of the total free energy. Although large, these contributions are found to be almost insensitive to f . For example, polymer-solvent interaction energy changes only by less than 0.5k B T when l B /l is varied from 0.2 to 5.0. On the other hand, f ⋆ changes from 1 to 0 in the same range of l B /l. In fact, the f dependent terms which contribute significantly to the total free energy are the ion-pair energy and the "free" ions translational entropy. At lower electrostatic interaction strengths (i.e., low l B /l), the translational entropy of the "free" ions dominates and at higher electrostatic strengths, the ion-pair energy term contributes significantly to the free energy. Together, these two contributions account for as high as 99% of the f dependent part in the total free energy (cf.
Figs. 3, 4a and 4d). Relatively very small contributions (∼ 1%) to the free energies come
from the translational entropy of the "adsorbed" ions. We will see below, however, that the relative importance of a particular contribution in determining the equilibrium degree of ionization is not necessarily related to its actual contribution to the total free energy.
We now discuss the various trends seen in Figs. 4 and 5, based on conceptual arguments aided by the different terms in Table I . Intuitively, stronger ion-pair energy should promote counterion adsorption. As l B /l is increased, the energy due to counterion adsorption should decrease monotonically, as seen in Fig. 4a . From Eq. 2, it is clear that the ion-pair energy (note the negative contribution) favors counterion adsorption with a linear dependence on f and the Coulomb strength l B , hence a progressive gain in adsorption energy with increasing
Coulomb strength (Fig. 4a) . On the other hand, the counterion adsorption is opposed by the translational entropy of the "free" ions (see the expression for T S i in Table I ), and hence a progressive loss of the part of the free energy related to the translational entropy (Fig.   4d ). The plateau in Fig. 4d arises due to the completion of the adsorption of all counterions which limits the loss in the number of free counterions (which is the number of salt ions) with increasing Coulomb strength. However, there is no plateau in Fig. 4a , because even after all counterions are adsorbed, the ion-pair energy continually decreases due to an increasing Coulomb strength. In addition, the translational entropy of the "adsorbed" counterions (−T S a ) drives the adsorption toward f ⋆ = 0.5 to optimize this part of the entropy (cf.
Eq. 3). Physically, it can be understood from the fact that the complete adsorption of the counterions leads to the lowering of the translational entropy of the "adsorbed" counterions due to the unavailability of sites. Similarly, a complete desorption of the counterions also leads to the lowering of translational entropy of the "adsorbed" counterions due to the unavailability of the "adsorbed" counterions on the chain backbone. For a given N, the translational entropy of the "adsorbed" counterions is optimum at f ⋆ = 0.5. We note, however, that the other two contributions might overwhelm −T S a so that at equilibrium it is not necessarily at its minimum (Fig. 4 b) . With varying Coulomb strength, −T S a is minimum at around l B /l = 0.8 at which f ≃ 0.5, which is prevalently determined by the first two components mentioned above. Role of other contributions, i.e., the polymersolvent interaction energies and the solvent entropy (i.e., E w − T S s ), the electrostatic energy involving the "free" ions and the monomers (E e ) and the conformational entropy of the chain (−T S p ) is miniscule in driving the counterion adsorption in a particular direction. However, these three contributions dictate the effective size of the chain (through l 1 ) at the equilibrium (note the dependence of these terms on l 1 in Table I ). Further, the equilibrium counterion distribution specified by the first three contributions stipulates the actual contributions of the last three parts of the free energy at equilibrium. We have noticed before that with increasing Coulomb strength (l B /l) the number of free counterions (and, therefore, the effective charge of the chain) decreases. Due to a decreasing electrostatic repulsion between the monomers, the polymer chain contracts progressively until it reaches its Gaussian size at zero effective charge. Consequently, there is less mixing between the polymer and the solvent at higher Coulomb strengths leading to a gradual loss of polymer-solvent interaction energy (Fig. 4c ) which saturates to a plateau when all counterions adsorb, the physical condition that creates plateaus in all these curves. Also accompanying the decreasing size of the chain there is a gain in conformational entropy (which is maximum at the Gaussian size) observed in Fig. 5a . In addition, a gradual decrease of the effective charge of the chain progressively reduces the electrostatic energy penalty observed in Fig. 5b . However, this effect is very small compared to the lowering of electrostatic energy due to the formation of ion-pairs as mentioned earlier.
The quantitative agreement between the first three contributions to the free energy in two formalisms explains the observed agreement in the results obtained for f ⋆ (Fig. 2) .
Despite E e having a negligible contribution to the total free energy (less than 0.1%), the comparison reveals that the Debye-Hückel estimate for the electrostatic energy (E e ) used in the variational formalism is an overestimation (as large as five times the full, non-linear
Poisson-Boltzmann at low l B /l). In other words, the Debye-Hückel approximation underestimates the degree of screening, which is in agreement with other theoretical 21 and simulation results 37 . Note that the electrostatic energy in Fig. 5b includes all the charged species in the system except the ion-pairs formed on the chain by the adsorbing counterions. Nevertheless, contributions due to the electrostatic energy to total free energy are almost negligible and hence, do not affect f ⋆ significantly.
We have also carried out the same comparison between the two formalisms at higher monomer densities (above monomer volume fractions of 0.1). It is found that the discrepancy in the polymer-solvent interaction energy and the solvent entropy between the two schemes is significant (see Fig. 6 ). All other contributing factors are essentially the same between the two theories. The origin of this discrepancy lies in the expansion of the (1 − ρ p ) log(1 − ρ p ) term, which is carried up to only terms quadratic in polymer density in the variational calculations (Appendix-B). The higher order terms in the expansion are ignored in the variational calculations to carry out the analysis analytically, which limits the applicability of the variational theory to sufficiently low monomer concentrations. The discrepancy clearly highlights the breakdown of the variational procedure at high densities and questions the use of an effective excluded volume parameter in variational calculations. However, we have not made an attempt to compute the boundary of the disagreement between the theories because our main focus of this article is on f ⋆ which is insensitive to this discrepancy. Also, the variational formalism predicts the polymer-solvent interaction energy and the solvent entropy to be completely independent of the electrostatic interaction strength l B /l in the high density regime, in contrast to SCFT predictions of a weak dependence on l B /l (see Fig.   6 ). This is a result of the constraint R g ≤ R used in variational calculations for mimicking the confinement effects and shows the inability of the constraint to capture the confinement effects in an appropriate fashion. While the radius of gyration R g of the chain follows readily from l 1 in the variational formalism, it is nontrivial to compute this quantity in SCFT. In view of this, we have not addressed R g in the present paper.
Finally, we remark on the experimental relevance of the radius parameter R for the confining cavity. The variational calculation readily gives R g without any confinement for fixed values of monomer density and other parameters such as l B , χ ps , and c s . Knowing this result, we have investigated the role played by the cavity radius R in the above analysis. If R is larger than R g , then the above conclusions are relevant to unconfined dilute polyelectrolyte solutions. On the other hand, if R is less than R g , then confinement effect is manifest and now our results are relevant to a polyelectrolyte chain inside a spherical pore. As an example, for N = 100, c s = 0.1M, χ ps = 0.45, and δ = 3, the calculated value of R g /l from the variational procedure depends on l B and attains a maximum value of 7.29, whereas R/l = 10.0 in Figs. 3-5. Therefore, the conclusions drawn above based on these figures are generally valid for dilute polyelectrolyte solutions. On the other hand, R/l = 4.0 in Fig. 6 , whereas the maximum value of R g would have been 5.92 if confinement were to be absent. Under these conditions the conclusions regarding the discrepancy between SCFT and variational theory is pertinent to a polyelectrolyte chain confined inside a spherical cavity.
IV. CONCLUSIONS
In summary, we have computed the effective charge of a single flexible polyelectrolyte chain using SCFT and compared it with the results obtained from a variational theory. It is found that for all sets of parameters, the effective degree of ionization (f ⋆ ) computed from SCFT and the variational theory is in quantitative agreement if one-loop fluctuation corrections are deliberately suppressed in the latter. The origin of this agreement lies in the fact that f ⋆ is determined as an interplay of the ion-pair energy and the translational entropy of the "adsorbed" counterions as well as of all "free" ions. The conformational entropy of the chain, the electrostatic energy involving the "free" ions and the chain, the polymer-solvent interaction energy and the solvent entropy do not play significant roles in affecting f ⋆ .
The comparison of different components in free energy reveals that the Debye-Hückel approximation underestimates screening effects as compared to the Poisson-Boltzmann theory.
Despite the fact that there are small discrepancies in the different contributing factors to the total free energy, the effective degree of ionization (f ⋆ ) comes out to be the same in SCFT and the truncated variational theory. Furthermore, the density fluctuations of the "free" ions, which are included in the full variational theory, are predicted to increase the equilibrium degree of ionization. As this latter effect is not captured by SCFT calculations within the saddle-point approximation and due to the close agreement between SCFT and the variational theory for all other contributing factors, the variational theory appears to be a very useful tool for a quick, easy and transparent estimation of f ⋆ .
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We start from the Edward's Hamiltonian, written as
where R(t) represents the position vector for the t th segment and subscripts j = s, c, +, −.
In Eq. ( A-1) k B T is the Boltzmann constant times absolute temperature. In writing the interaction energies between the polyelectrolyte segments and small ions, we have taken the small ions to be point charges so that they have zero excluded volume, and hence, interactions are purely electrostatic in nature. As we consider the "permuted" charge distribution, the partition function has an additional sum over all possible locations of the "adsorbed" ions on the backbone, which appears as an average over the parameter y in Eq. ( A-1) . We define the average over y as
, where g(y) = f δ(y(t) − 1) + (1 − f )δ(y(t)).
In the above equation, the microscopic densities are defined aŝ
whereρ p (r),ρ j (r) andρ e (r) stand for the monomers, small molecules (both ions and solvent molecules) and the local charge density, respectively. The Dirac delta functions involving microscopic densities enforce the incompressibility condition at all points in the system (ρ 0 being the total number density of the system). The delta function involving y is a constraint that for all the charge distributions to be considered for one particular value of f , the net charge on the chain must be a constant (= f Ne). Taking different charge distributions of the chain for the same net charge (= f Ne) and a particular chain conformation to be degenerate, the partition function is divided by the number of ways (µ) the "adsorbed" counterions can be distributed along the chain. If M out of total N sites on the backbone are occupied at any particular instance, then µ is given by µ = N!/(M!(N − M)!) so that
The dimensionless Flory parameter for chemical mismatch, χ ps , is given by χ ps l 3 = w ps −(w pp +w ss )/2, where w pp , w ss , and w ps are the excluded volume parameters, which characterize the short range excluded volume interactions of type monomer-monomer, solventsolvent and monomer-solvent, respectively. F 0 and E a are the self-energy and ion-pair energy contributions, respectively, given by
where δ = ǫl/ǫ l d, ǫ l and d being the local dielectric constant and the dipole length, respectively, is used to characterize the formation of an ion-pair on the bakbone due to "adsorbed" counterion.
Now, using the methods of collective variables and the Hubbard-Stratonovich transformation 30, 31 for the electrostatic part in Eq. ( A-1) , the partition function can be written as integrals over the collective densities and corresponding fields so that Eq. ( A-1)
Here, w p , w s are the fields experienced by the monomers and solvent, respectively, and ρ p , ρ s represent their respective collective densities. All charged species (excluding the ion-pairs formed due to adsorption of counterions) experience a field ψ (which is equivalent to the electrostatic potential). η and u are Lagrange's multipliers corresponding to, respectively, the incompressibility and net charge constraints in the partition function. We must stress here that this procedure is equivalent to introducing collective fields and densities for small ions instead of using the Hubbard-Stratonovich transformation for the electrostatics part.
Within SCFT, the functional integrals over the fields and the densities are approximated by the value of the integrand at the extremum (also known as the saddle-point approximation). Extremizing the integrand leads to a number of non-linear equations for the fields and the densities. The saddle point approximation with respect to u gives equations similar to a "smeared" charge distribution, where every monomer has a charge (= f e). The extremization with respect to ψ, w p , ρ p , η, w s , and ρ s , leads to the saddle point specified by Eqs. ( 4 -6, 8 -11) . Using these saddle point equations and employing the Stirling's approximation for ln n!, we obtain the approximated free energy, i.e., F − F 0 ≃ H ⋆ scf , as presented in section II A after taking k B T = 1. The superscript ⋆ represents the saddle point estimate of the free energy.
APPENDIX B : Variational theory
In this appendix, we present the procedure to obtain the variational free energy as presented in Ref. 26 in the absence of ion-pair correlations. In Ref. 26 , it has been assumed that the counterions from the polyelectrolyte are indistinguishable from the counterions from the salt. So, we start from a partition function similar to Eq. ( A-1) with the solvent, counterions (from the polyelectrolyte and the salt), coions and the chain as distinguishable species.
After using collective variables, the partition function can be written as
where j = s, c, − and, where the integral over u has already been evaluated by the saddle point method so that the functional h corresponds to a single chain with a "smeared" charge distribution. Here, we have introduced collective fields and densities for small ions instead of using the Hubbard-Stratonovich transformation for the electrostatic part (as already pointed out in Appendix-A). This is the analog of Eq. ( A-7) in SCFT. Now, evaluating the path integrals over w j by the saddle point method, Eq. ( B-1) can be written in terms of the densities ρ j . Functional integrals over η and ρ s can be carried out in a trivial way. To carry out functional integrals over small ion densities, i.e, the ρ j log ρ j terms, which emerge after integrations over fields w j , are expanded up to the quadratic terms after writing ρ j (r) = n j /Ω + δρ j (r) so that drδρ j (r) = 0, and the resulting integrals are Gaussian. This procedure also gives one-loop corrections to the free energy coming from the small ions density fluctuations (∆F/k B T ). Now, expanding the (1 − ρ p ) log(1 − ρ p ) term up to the quadratic terms in ρ p , the problem of carrying out the functional integrals over w p and ρ p is equivalent to a single chain problem whose monomers interact with each other via a renormalized excluded volume parameter and an electrostatic potential. The renormalized excluded volume parameter comes out to be w = 1 − 2χ ps and the electrostatic potential comes out to be the Debye-Hückel potential, where the inverse Debye length (κ) depends on the "free" ions only. Eventually, Eq. ( B-1) becomes
where −T S i is the translational entropy of the "free" ions as presented in Table I for the variational theory. Now, writing the Hamiltonian of a single polyelectrolyte chain using an effective excluded parameter (w) and the Debye-Hückel potential 26 , the functional integrals over w p and ρ p can be computed using the variational technique developed by Muthukumar 33 .
Taking k B T = 1, the results are presented in section II B. 
